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Abstract-This paper presents an efficient Differential Evolution 
(DE) based solution for harmonic elimination pulse-width 
modulation (HEPWM). The aim is to solve for the set of 
transcendental equations that determine the switching angles of 
the HEPWM waveform. The objective function of the DE is 
designed to minimize (to near zero) the selected harmonics and 
at the same time allows for the fundamental component of the 
output voltage to be controlled independently. To verify the 
method, simulation is carried out using MATLAB simulink. The 
computed switching angles are applied to a three phase voltage 
source inverter. Typical results are shown and discussed. 
INTRODUCTION 
The elimination of specific harmonics from the given 
voltage and current waveform generated by a voltage-source 
inverter (VSI) has been dealt with in numerous researchers 
[1]-[15]. In literature, these methods are known as harmonic 
elimination pulse-width modulation (HEPWM). HEPWM 
methods remain of greatest interest for the control of high-
voltage high power VSI, where the main concerns are the 
switching losses and power switch voltage stress. 
Applications of HEPWM include railway traction VSI, 
HVDC and large power motor drives. It provides an ideal 
solution, especially for VSI operated in the low switching 
frequency range [4]. The main challenge associated with 
HEPWM is to solve the nonlinear transcendental equations 
that yield multiple sets of solutions [1], [2]. 
In most cases, the HEPWM angles are calculated off-line, 
i.e. the angles are obtained using off-line computers and then 
stored in memory. They are called upon whenever the 
HEPWM waveform is to be constructed. This approach is 
also known as Programmed HEPWM [5], [6]. Various 
numerical techniques are possible; most common is the 
Newton-Raphson method. It produces accurate solutions and 
good convergence provided that the initial guesses for the 
angles is near the local minima [7]. However, if the initial 
value is not correctly chosen, it can result in large iteration 
cycles and at times, non-convergence. Other calculus-based 
approaches have been used. These include space vector 
modulation scheme [8], Walsh functions [9], homotopy-based 
computation [10] and resultant theory [11], [12], [13]. Certain 
improvements are reported using these methods, but the 
problem of determining the appropriate initial conditions 
remain unresolved.  
Evolutionary algorithm is new class of non-calculus, 
search and optimization technique that has become very 
popular in many engineering applications. These methods 
search from a population of points instead of a single point as 
in conventional search and optimization processes. 
Furthermore they do not require a “suitable” initial value. The 
initial points can be randomly generated from the search 
space. Genetic algorithm (GA) is one example of 
evolutionary algorithm that has been used associated with 
HEPWM [14], [15].  
Differential evolution (DE) algorithm is known to be a 
simple and fast evolutionary algorithm. It is similar to GA but 
with one main difference: DE adopts a mutation strategy that 
allows it to be self adaptive in the selection process [16]. 
Compared to GA, it consumes much shorter time to reach 
optimum point [17], [18]. Although recently introduced (in 
relation to other evolutionary algorithms), DE has been 
widely used in optimization problem. In this work, only DE is 
used to search for the HEPWM angles that will eliminate 
specified number of harmonics without comparing to latest 
advanced algorithms. 
 
II APPLYING DIFFERENTIAL EVOLUTION TO HEPWM 
A. General 
DE utilized a greedy and less stochastic approach 
compared to other evolutionary algorithm [19]-[23]. It 
combines simple arithmetical operators with the classical 
operations of the recombination, mutation and selection to 
evolve from a randomly generated starting population to a 
final solution [24]. The basic idea behind DE is a scheme 
whereby it generates the trial vectors, ui,G. In each step, the 
DE mutates vectors, vi,G  by adding weighted, random vector 
differentials to them. If the fitness of the trial vector is better 
than the target, the target vector, Xi,G is replaced by the trial 
vector in the next generation, Xi,G+1. Fig. 1 shows a simplified 
flow chart of DE operation.  
The mutation variants in DE, which shows the difference 
between each individual in the population, plays significant 
role in the mutation operation. With the evolution of the 
population, the difference between each individual value will 
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decrease, which will influence the convergence speed to 
reach optimum values.   
 
 
 
 
Fig.1  Flow of DE’s generate-and-test loop [24] 
  
  
B  Application of DE to solve for HEPWM angles 
A generalized bipolar PWM waveform with M number of 
chops per half-cycle is depicted in Fig. 2. It is assumed that 
this waveform is periodic and has half-wave symmetry with 
per unit amplitude. Such waveform represents the pole 
switching waveform of a three phase VSI, i.e. voltage from 
the one of the phases to the virtual ground. For the line to line 
voltage, the triplens (multiple of three) harmonics are 
cancelled. To obtain the amplitudes of all line to line 
harmonics (including fundamental), the pole switching 
waveform harmonics need to be multiplied by 3 . If the 
three-phase VSI output  has star network with neutral point 
N, the harmonics of the phase voltage (with respect to N 
point) will have the same harmonics with the line to line but 
with amplitudes that of the pole switching waveform. 
In Fig. 2, the basic square wave is chopped and a 
relationship between the number of chops and possible 
number of harmonics that can be eliminated is derived. The 
odd switching angles α1, α3, α5 ... etc. define the falling edge 
transitions and the even switching angles α2, α4, α6 ... etc. 
define the rising edge transitions. As the waveform is half-
wave, only odd harmonics exist with a quarter-wave 
symmetric waveform, it results Bn= 0 and are given by the 
following Fourier Series representation: 
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 Where 0< α1< α2< … < αm< π/2.  
 n = harmonic order 
 αk = kth switching angle 
 m = number of switching per quarter-cycle 
 
 
Fig. 2 Generalized quarter-wave symmetric 
HEPWM 
 
 Equation 1.1 has m variables (α1 to αm), where m 
represented as number of switching per quarter-cycle and also 
it determine the number of harmonics eliminated, a set of 
solutions is obtainable by equating any m−1 harmonics to 
zero and assigning a value to the fundamental, NP1. These 
equations are nonlinear as well as transcendental in nature. 
The equations to eliminate m−1 lower order harmonic such as 
3, 5, 7 etc are in form of 
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where the variable ε1 to εm are normalized amplitudes of the 
harmonics to be eliminated and NP1 is equivalent to the 
“modulation index” which is defined as                         
 
dcV
V
NP 11 =                                                                           (3) 
 
It should be noted that 110 ≤≤ NP , |V1| is the amplitude of 
the fundamental component and Vdc is the DC input voltage 
source. The DE objective function to describe the harmonic 
elimination problem is defined as 
        
2684
2n
m
UZM
UZM-I
Chop M-1
Chop M
UZM-Z
UZM-3
Chop 2
Chop 1
Uo
}
popula.oo
P...,
}
mlllanl
populnl""
p,~
}
trW
populn".
P.....I
\
param:t:ervectoc x''P-1,g
..r'l4--_...J X,,-.
Objoclil~ lime,,,. \'.iJeAl,'j>-I~)
F J) Co•..,lIle weighted
differerce \'ector
I) Choose target \""Ior and b"", wclor
2) RJnIom chore of1\10 MlUb'''"r_m_'''ilm_-r-_--.
( ) 2232221321 ...,,,, mmf εεεεαααα ++++=…                     (4) 
 
The optimal switching angles are obtained by minimizing 
equation (4) when the subject to the following constraints:  
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The general structure of a DE program for HEPWM is 
shown in Fig. 3.  The algorithm starts by initializing the target 
population of switching angles as an objective function. The 
DE parameters are set as follows: the population size, PS = 
10*m (note: m is number of harmonics to be eliminated), 
mutation factor (also known as the scale factor) F = 0.6, 
crossover probability CR = 0.9, harmonics tolerance VTR = 
0.0001 and the stopping criterion of the maximum number or 
generations Gmax = 300. In the initialization operation, the 
target population (HEPWM angles) is randomly chosen 
within defined bounds, as indicated as La and Ha in Table 1. It 
was found that the choice of the boundary has little effect on 
the performance of the algorithm, the wideness of the bounds 
required more iteration, however the projection remand the 
same, so long as the conditions in Eqn. (5) are satisfied. 
For the next steps, the fitness value of each switching 
angles of the population is evaluated. If the fitness satisfies 
the predefined criteria, the final value is saved and the 
process is stopped. Otherwise, it will proceed to mutation 
operation. The mutation operation generates a mutant vector 
based on the initial target population. The derived mutant 
vector is considered as the secondary target population. Then 
the crossover operator is applied to the initial target and 
secondary target according to probabilistic scheme which is 
binomial and exponential crossover scheme to generate the 
trial vector within the crossover probability setting. 
Finally, the trial vector of competes with its initial target 
population of switching angles for a position in the next 
generation. The aforementioned steps of the DE are repeated 
iteratively until the objective function of an individual vector 
is lower than predefined threshold or until a predefined total 
number of generations have been generated. 
 
Fig. 3 Flow chart diagram of DE for HEPWM 
 
 
TABLE 1: Upper and Lower bounds for HEPWM switching angles (αm) for number of harmonics to be eliminated
 
m Bound/α 1 2 3 4 5 6 7 8 9 10 11 12 13 
3 La 0 20 40   Ha 25 45 65   
5 La 0 15 20 33 42   Ha 25 30 40 50 70   
7 La 0 5 15 25 35 45 52   Ha 15 20 30 40 50 55 70   
9 La 0 10 15 22 30 35 38 45 52   Ha 15 25 30 35 40 45 50 60 70   
11 La 0 5 12 18 20 27 32 38 42 45 52   Ha 12 15 25 27 35 38 45 50 55 58 70   
13 La 0 5 9 15 19 25 27 32 36 40 45 50 54 Ha 7 11 16 21 26 30 34 39 42 48 53 59 70 
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After obtaining the switching angles, they are stored in 
memory and called upon whenever the HEPWM is to be 
applied to an inverter. The circuit of a three-phase voltage 
source inverter is shown in Fig. 4. The harmonics of interests 
are the pole switching waveform VRG output voltage, line to 
neutral output voltage VRN and line to line output voltage 
VRY. The specifications of the VSI are as follows: 
VDC=200Vdc, fundamental frequency=50Hz, Z1=Z2=Z3= 
4.5mH/0.12Ω in series.  
 
 
Fig. 4 Three-phase voltage source inverter 
 
 
III  RESULTS AND DISCUSSIONS 
The DE algorithm to solve for HEPWM angles is 
programmed in MATLAB. The trajectories for the switching 
angles (α1 to αm) versus the per unit amplitude of the 
fundamental component of the pole switching waveform 
(NP1) for m= 3, 7, 11 and 13 are shown in Fig. 5(a)−(d), 
respectively. The results obtained are very similar to the  
Newton Raphson approach published in Reference [3],[4].  
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Fig. 5 Trajectories of switching angles for an odd number 
of switching per quarter cycle. (a) m= 3, (b) m=7, (c) m=11, 
(d) m=13 
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Fig. 6(a) shows the pole switching waveform of a three-
phase inverter (i.e. voltage from phase R to the virtual 
ground) for m = 9 and NP1=0.45. Fig. 6(b) shows its spectra. 
As expected, the selected harmonics are correctly eliminated 
but the triplens still remain in the pole switching waveform. 
The amplitude is correctly calculated to correspond for NP1= 
0.45, i.e. 45V for VDC=200V (note that VRG=1/2 VDC).  Fig 
7(a) shows the voltage of phase R with respect to the neutral 
point of the three phase output, VRN. The corresponding 
spectra are shown in Fig 7(b). The triplens are now cancelled 
and the first un-eliminated harmonics appears at the 29th. In 
general the first un-eliminated harmonic is given as (3m+2). 
The amplitude still remains at 45V. In Fig. 8(a), the line to 
line output voltage (VRY) is shown, with its corresponding 
spectra in Fig. 8(b). The spectra are similar to VRN, but all the 
harmonics (and fundamental) components are multiplied by 
square root three. 
 
0 0.005 0.01 0.015 0.02 0.025 0.03 0.035
-150
-100
-50
0
50
100
150
Time, sec
VR
G
,
 
v
ol
ta
ge
Pole Switching Output Waveform
 
(a)  
 
 
(b)       
Fig. 6 Pole Switching Waveform of Three-Phase HEPWM 
Inverter for m=9. (b) Spectra of the output voltage waveform.   
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       (b) 
Fig. 7 Waveform of voltage of phase R with respect to the 
neutral point of the three phase output, N for m=9. (b) Spectra 
of the output voltage waveform 
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          (b) 
 
Fig. 8 Waveform of line to line voltage (VRY) of the three 
phase output for m=9. (b) Spectra of the output voltage 
waveform 
 
IV CONCLUSION 
This paper has outlined the approach to use Differential 
Evolution search method to determine the switching angles of 
HEPWM. It has been shown that the method can accurately 
compute the HEPWM switching angles without having to 
make “correct” guesses on the initial values of the switching 
angles. Simulations are carried out to verify the algorithm 
when applied to a three phase inverter. The results are found 
to be in close agreement with the common knowledge of 
HEPWM and three phase inverter. 
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